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Abstract 

The renormalization problem of (2+l)-dimensional Yang-Mills theory quantized 
on the light front is considered. Extra fields analogous to those used in Pauli-Villars 
regularization are introduced to restore perturbative equivalence between such quan¬ 
tized theory and conventional formulation in Lorentz coordinates. These fields also 
provide necessary ultraviolet regularization to the theory. Obtained results allow to 
construct renormalized Hamiltonian of the theory on the light front. 
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1 Introduction 


The present paper is devoted to quantization of held theory on the light front. Yu.V. Novozhilov 
was interested in this subject for many years, and he worked in this direction together with 
the part of authors of this paper. 

Quantization of held theory on the light front (LF) [Tl|2] allows to simplify the de¬ 
scription of the vacuum state. This makes the application of nonperturbative Hamiltonian 


approach to the bound state and mass spectrum problem more convenient [2l[3]. The LF 
can be dehned by the equation = 0 where ^ ^ plays the role of time (x°, 


X 


are Lorentz coordinates with x"*- denoting the remaining spatial coordinates). The role of 
usual space coordinates is played by the LF coordinates x~ = ^ ^ , x-^. 

The generator P_ of translations in x~ is kinematical [1] (i.e. it is independent of the 
interaction and quadratic in helds, as a momentum in a free theory). On the other side it 
is nonnegative (P_ ^ 0) for quantum states with nonnegative mass squared. So the state 
with the minimal eigenvalue p_ = 0 of the momentum operator P_ can describe (in the 
case of the absence of the massless particles) the vacuum state, and it is also the state 
minimizing P+ in Lorentz invariant theory. This means that the physical vacuum turns 
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out to coincide with the mathematical one. It is possible to introduce the Fock space on 
this vacuum and formulate in this space the eigenvalue problem for the operator (i.e. 
the LF Hamiltonian). In this way one can hnd the spectrum of mass m in the subspace 
with hxed values of the momenta P-,p± [3]: 

P+\p-,p±) = ^ ^ (1) 

see details in the review paper |3]. 

The theory on the LF has the singularity at p_ = 0 [3]. To regularize it we use the 
cutoff p- ^ e > 0. In the present paper we consider a way to construct the perturbatively 
renormalized Hamiltonian on the LF (on difficulties to solve this problem see [5HTT]). We 
consider this problem for (2+l)-dimensional Yang-Mills theory quantized on the LF where 
the above mentioned regularization \p_\ ^ e > 0 is applied. Unlike the early consid¬ 
ered case of (3-l-l)-dimensional QCD [T2], for (2-|-l)-dimensional model we can construct 
renormalized LF Hamiltonian containing no new unknown renormalization parameters. 

It was shown in papers |ll[T3l[T3] that some diagrams of the perturbation theory, gen¬ 
erated by the LF Hamiltonian, and corresponding diagrams of the conventional pertur¬ 
bation theory in Lorentz coordinates can differ. It was found that one can overcome this 
difficulty by addition of new (in particular, nonlocal) terms to the canonical LF Hamil¬ 
tonian [H [151 [IS]. In the case of gauge held theory the inhnite number of such terms 
appears m. However one can avoide the differences between diagrams, generated by 
the LF Hamiltonian, and corresponding diagrams of the conventional perturbation theory if 
one adds extra ghost helds analogous to that in the Pauli-Villars (PV) regularization [31[T^ . 
In this way one can avoide the inhnite number of terms mentioned above. It was also shown 
how to renormalize this theory ensuring the perturbative equivalence with the dimension- 
ally regularized theory in Lorentz coordinates and the restoration of gauge invariance. For 
example, in (3-1-1)-dimensional Quantum Chromodynamics [12] this can require the inclu¬ 
sion of ten counterterms, necessary for UV renormalization, into LF Hamiltonian. It was 
shown that there must be the values of coefhcients before these counterterms at which the 
restoration of gauge invariance occurs. However one cannot hnd these coefhcients explicitly 
because of inhnite number of divergent diagrams in (3-1-1 )-dimensional theory. So one has 
to consider them as new unknown parameters. 

The (2-|-l)-dimensional Yang-Mills theory, considered in the present paper, is super- 
renormalizable, so that all renormalizing counterterms can be found exactly via calcula¬ 
tion of the hnite number of diagrams. This allows to carry out the renormalization of the 
theory on the LF in such a way that no unknown quantities, besides the original parame¬ 
ters, appear. We regularize perturbative infrared (IR) divergences introducing topological 
Chern-Simons (CS) term [T71[T8] . 

We analyse the perturbation theory, generated by quantization on the LF, and investi¬ 
gate its equivalence to the usual covariant perturbation theory in Lorentz coordinates. To 
do this we apply the method of paper [12]. We use the analog of the PV regularization 
to remove both UV divergences and differences between diagrams of perturbation theory 
on the LF and corresponding diagrams of covariant perturbation theory in Lorentz coordi¬ 
nates. We show how to restore gauge symmetry in the limit that removes PV regularization 
at the correct renormalization of the theory. In this way we can construct renormalized 
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Hamiltonian on the LF which can be used for nonperturbative calculation of mass spectrum 
in accordance with ([1]). 


2 Divergences of (2+l)-dimensional Yang-Mills the¬ 
ory with Chern-Simons term 


To construct the renormalized LF Hamiltonian we have to analyse diagrams of perturbation 
theory. These diagrams must be well dehned, i.e. to be free of divergences. Yang-Mills 
theory in (2-|-l)-dimensions contains, besides usual UV divergences, also the IR ones [T71IT8] . 
That makes impossible the analysis of perturbation theory. As a solution to this problem 
we introduce the CS term [iTllIH], generating gluon held mass. In result we investigate the 
theory with the following Lagrangian density: 


C 


Til 

_ rpafiu i \^(iua 

4 Ml. ^2 



( 2 ) 


where A“(a:) are gluon helds corresponding to gauge symmetry group SU(N), = d^A^ — 
duAl + gfahcA^Al, 0 = 1,..., - 1 are indices of adjoint representation, m and g are 

parameters, is Levy-Civita symbol. 

For the construction of LF Hamiltonian we take the gauge A_ = A'^ = 0. Its use in 
the action leads to the Lagrangian density in which the contribution from the hrst term 
in ([2]), having power four in helds, and the contribution from the CS term, having power 
three in helds, disappear: 

1 777 

c = + gr^^AlAid^A<^^ + ( 3 ) 

where As a result, the propagator, in which the remaining part of CS 

term contributes, takes in the momentum space the following form: 

^ab _ + rif^ky + ime^uan°‘, 

k^-m^ + io k^ + iO 

where kf^ = 2k^k- and Ui, is lightlike vector with components n+ = 1, n_ = n_L = 0. As 
one can see, the parameter m plays the role of the held mass. For the regularization 
of singularity at = 0 in the propagator (jl)) the Mandelstam-Leibbrandt prescription is 
used [T9l[20]. Such a prescription allows to do the Wick rotation to Euclidean momentum 
space for diagrams where it is possible to analyse UV divergences of Feynman diagrams in 
the standard way. 

The interaction term in the equation (|2]) leads to the vertex which contains derivative 
with upper index -|-. Let us remark that due to the global SU{N) symmetry (note that 
local, i.e. gauge symmetry, is broken by UV regularization in our approach) all diagrams 
with single external line must be equal to zero as they are vectors in the color space. 

Let us hnd all UV divergent Feynman diagrams that must be renormalized. To do 
this we use the standard method of estimation of the UV divergency index of Feynman 
integrals in Euclidean space. In result the divergent diagrams are those shown in Fig. [T] As 
expected, their number is hnite. Due to violation of Lorentz invariance by the introduction 
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of the A- = 0 gauge the number of divergent diagrams can increase, in principle. To check 
this it is necessary to analyse not only the total divergency index (in all components of 
the momentum) but also the UV divergency indices corresponding to only some part of 
components of the momentum. Taking into account the structure of the propagator (jl]) 
and the vertex one can see that only the divergency index in transverse component k± can, 
in principle, exceed the total divergency index. However it is not difficult to verify that 
this case, in fact, does not realize, and the diagrams, shown in Fig. [1], exhaust all cases of 
the UV divergency. With respect to the UV divergency index the diagram in Fig. [I](a) is 
linearly divergent and the other diagrams are logarithmically divergent. 



Figure 1: Divergent diagrams. 


3 Regularization of the theory 


Let us assume that some UV regularization of the theory is introduced so that all diagrams 
are UV hnite. As mentioned in the Introduction, the results of calculations of diagrams in 
LF perturbation theory and usual covariant perturbation theory in Lorentz coordinates can 
differ. To hnd these differences one can apply the method of [Hll2p i4j if the regularization 
|/c_| ^ e > 0 is used. As was noted in [12] for the theory with the propagator containing 
additional pole in k- (like in eq. (]4|)), these differences arise for diagrams with any number 
of external lines shown in Fig. |2](a). As the compensation of these differences could require 
the addition of inhnite number of counterterms to the action, we need some modihcation 
of the propagator that removes these differences. A way to do this simultaneously with 
the introduction of UV regularization was proposed in [12], and we will use its analog. 

The main idea of this method is the introduction of gauge held analog of PV ghost helds 
with the simultaneous introduction of higher (noncovariant) derivatives (that breaks gauge 
invariance). Let us note that, owing to the coordinates of the light front, an introduction 
of higher derivative in the form of the power one of does not lead to a complication of 
canonical formalism on the LF. This is because the action can be transformed by integration 
by parts to the form containing no higher than the hrst derivatives in x~^. So we limit 
ourselves by just those higher derivatives. Let us choose the Lagrangian density in the 
form 



(M|^) 


+ 
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(5) 


Here —the quantity Aq^^ is the physical gluon held, and and 

are extra helds, PV helds analog. As one can see, the quadratic part of the Lagrangian 
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(a) 



(b) 



(c) 


Figure 2: (a) The example of diagram which has different values in perturbation theory 
on the LF and usual covariant perturbation theory, (b) General form of diagram having 
mentioned above different values for the theory with single PV held, (c) General form of 
diagram which can contain IR divergency. Symbols +, T denote indices of propagators, 
hatched domains in diagrams denote arbitrary subdiagrams. 

is diagonal in these helds, and only their sum enters into the 

interaction term. The conditions = 0 for physical and extra helds, analogous to the 
LF gauge, are proposed. Let us remark that the parameter m, giving the mass to the gauge 
held, is common for all three helds and the diherences between them are related to 
the values of parameters Mj, Bj (for conventional PV helds parameters analogous to Mj 
correspond to masses of helds). 

As the interaction contains the sum of helds A“, propagators of three helds sum up in 
diagrams, and Feynman integrals can be written in terms of summarized propagator A“^, 
i.e. the sum of individual held propagators 

.ab _ _ + i rn 

(^2 _ J .^2 _|_ ^^2 _ J ^2 _|_ ^ g ^ / j 2 _|_ ^g 

We relate the parameters Mq, Mi and M 2 = fi to regularization parameters and choose 
the quantities Bj so that to assure the decrease of summarized propagator as 1/fc® (see 
the discussion of the necessity of such exceeded requirement in the next Sect.). On the 
other hand, we choose them so that to cancel the additional pole in /c_, present in the 
propagator. This can be done if one takes 


resulting in the following form of the regularized summarized propagator: 


M^Mf 




B, = 


2 ,,2 


M^Mtu 


(M2 - p2) (Mf - : 


(7) 
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+ iO\ 


X 


{k? — m 


1 - 




g^lykl - {k^n^ + kyU^ + i m e^yan’^)2k+ 



X 


A ;2 — ^2 _j_ 


( 8 ) 


It is easy to check that all diagrams of Fig. [T] become hnite with that propagator. After 
removing of the regularization the propagator (jS]) must turn into the propagator of non- 
regularized theory (jl]). It is easy to see that the following conditions must be fulhlled when 
one removes the regularization: 



(9) 


The latter one is necessary as we want that only physical held Ag ^ remains in the regular¬ 
ization removing limit, because the propagator ([H]) of this held turns under that condition 
into the expression (|3]), and propagators of the other two helds tend to zero. 

4 Comparison of perturbation theory on the LF and 
covariant one in Lorentz coordinates 

Using the already mentioned above method proposed in [T3] it is possible to analyse the 
diherence between the results of calculations of diagrams in LF perturbation theory and the 
usual covariant perturbation theory in Lorentz coordinates when the regularization | A:_ | ^ e 
is applied. It is possible to calculate this diherence as the diherence between the diagram 
for which the integration is over all momenta k_ and the same diagram for which that 
integration is only over the domain \k_\ ^ e > 0 (here k_ is the propagator momentum). 
Thus the diherence is the sum of all copies of the diagram, in which one integrates over the 
momentum k- over the domain |fc_| ^ e > 0 at least for one of propagator momenta. The 
idea of the method is the following. If one makes for each loop momentum k (which can 
be always identihed with some propagator momentum) the change /c_ —)■ ks, k+ —)■ k+/e, 
an essential dependence on e in the integration region disappears, and one can investigate 
the behavior of the integrand for an arbitrarily complicated diagram. 

In result, the above mentioned diherence for an arbitrary diagram can be estimated in 
every contribution to it in the form of where a is determined by topology of the diagram, 
its Lorentz structure and general properties of the theory such as spin of the held and UV 
properties of the propagators (see details in [H]). 

For example let us consider the diagram shown in Fig. [I](a). Let denotes exter¬ 
nal momentum and k^ denotes the loop momentum coinciding with one of propagator 
momenta. In perturbation theory on the LF this momentum is limited by the condition 
I A:-1 ^ £ and, when one of the diherences for that diagram is calculated, it is limited by 
the condition \k-\ ^ e. Let us write such contribution to the diherence, when the above 
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mentioned momentum k corresponds to the component A++ of the propagator: 


dk I 


/-oo J-e _ ^2 _|_ ^gW ^2 _ ^2 _|_ j 

2(p+ - fc+)(p - k)M^Mt 


X 


fcjj — Mq + ioj ^/cy — Mf + ioj ((p — /c)2 — + iO) 


X 


X 


(2(p+ - fc+)(p_ - fc_) - + ^0) (2(p+ - k+){p- - k-) - + iO) 

1 
X 


X 


(2(p+ - k+){p- - k-) - Ml + iO) 


( 10 ) 


Here the hrst factor (2p_ — k_Y in the numerator of the integrand corresponds to vertices 
of the diagram. After the change /c_ —?> k_e, kj^/e this integral takes the following 

form: 


dk I 


dk^ 


dk-- 


(2p — £/c)^(2/c+)" 


X 


{k? — m? + iO) — /i^ + ioj 
2(p+-k+/e)(p-ek)M,^Ml 


X 


— Mq + ioj — Ml + zo'j (2(p+ — k+/e){p_ — ekJ) — (pj_ — k±Y — + iO) 


X 


1 


X 


(2(p+ - k+/e){p_ - ekJ) - + fO) (2(p+ - kj^/e){p_ - ekJ) - + fO) 

1 


X 


X ■ 


(2(p+ — /c+/e)(p_ — ekJ) — Ml + iO)' 
In the limit £ —?■ 0 this integral equals to the following expression: 

s{2p f{2k+f 


( 11 ) 


dk I 


dkA 


X 


dk-- 


(P — + iO) ^/cjj — /i^ + iOj 

2{-k+)p_M^Ml 1 

kf - M2 + zo) {kl - Ml + (2(-A;+)p- + iOf 


= -2eM^Ml 


dk\ 


dkj, 


dk-- 


X 


X 


(k+p- — iO) (/c2 — m2 + iO) 

1 

{kl - p2 + io) [kl - M^ + iO) {kl - Ml + iO) 


( 12 ) 


This expression tends to zero in the limit e —)■ 0 at hxed parameters /i,Mo,i. This deter¬ 
mines the order of the regularizations removing: hrstly e —)■ 0, then /i —)■ 0, Mo,i —)■ oo, 
taking into account ([9]). 

We have shown how one of contributions to the difference disappears in the limit e ^ 0 
for the diagram in Fig. [I](a). Following the method proposed in [IT] one can succeed 
in showing that the same is true for all possible contributions to the differences for any 
diagrams of the considered theory in any order of perturbation theory. Let us remark that 
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in considered theory the diagrams with all external lines, joined to single vertex, are absent 
(diagrams with one external line are equal to zero due to the global SU(N) symmetry and 
the 1-particle irreducible diagrams with two external lines, joined to single vertex, are 
absent due to the absence of vertices with four lines). If such diagrams existed in the 
theory they could give a difference between LF perturbation theory and usual covariant 
perturbation theory (in calculations on the LF such diagrams are equal to zero but they 
can be nonzero in usual covariant perturbation theory, see [E]). 

It may be remarked that the ultimate absence of differences for all diagrams is owing 
to sufficiently fast decrease of the propagator (as 1/A;®). It is easy to note that it would 
be sufficient to have the decrease as 1/A;j| for the UV hniteness. This can be done by 
introducing not two PV helds (as have been made in Sect. [3]) but only a single one. That 
could simplify the theory. However in this case the differences between calculation on the 
LF and in the usual covariant perturbation theory in the limit £ —?■ 0 disappears not for 
all diagrams. The hnite in that limit differences would be nonzero for inhnite number of 
diagrams having the form shown in Fig. [I](b). These differences turn out to be divergent 
in the UV regularization removing limit. To compensate them it would be necessary to 
add to the LF Hamiltonian some new (having the gluon mass form) counterterm with 
UV divergent coefficient (being the sum of contributions of inhnite number of differences). 
We note here that one can fully avoid the appearance of unknown coefficients before the 
counterterms at UV renormalization in (2+l)-dimensions (see below). So it is reasonable 
to choose a variant of the theory in which they do not appear also due to comparison of 
perturbation theory on the LF and the usual covariant perturbation theory. That is what 
we do in the present paper. 


5 Analysis of longitudinal IR divergences 

It was shown in the previous section that, if we use the introduced above analog of PV 
regularization, the diagrams of perturbation theory on the LF transform into the dia¬ 
grams of the usual covariant perturbation theory in the limit £ —?■ 0. In the next section 
we show that these diagrams can be renormalized in such a way that they coincide with 
corresponding diagrams in dimensional regularization (and renormalization) in the regu¬ 
larization removing limit ([9]). Furthermore it is possible to go to the Euclidean form of 
the theory by Wick rotation because with the Mandelstam-Leibbrandt prescription the 
structure of poles allows to do that. After the Wick rotation propagator ([8]) takes the form 


^ab 


-i6 


ab 


k: 




ki 


■X 


X- 


A ^2 


{kfjiy + n^ky - me^^ana)2kf}n*r 


kj + 


(13) 


Here the vector becomes complex vector with components Uq = — ui = ^, = 0, 

and the vector n*^ is the result of its complex conjugation. Let us note that, despite of the 
transition to Euclidean space, it is possible to use the indices — and -|- as before implying 
by them the contraction with vectors and u*, respectively. Taking into account the 




decomposition 6 ^ 1 , = n^n*+n*?7,y+ (5^j_5yj_ it follows that in Euclidean space one can write 
ttiibfj, = a+6_ + a_&+ + a±b±. 

Further we analyse the limit p —?■ 0 for arbitrary diagram. As it is seen from the form 
of the propagator (IT^ the essential (i.e. appearing at any values of external momenta) IR 
divergences can appear in this limit at the points of the momentum space at which the 
quantities = kf + k"^ become equal to zero for several propagator momenta simultane¬ 
ously. Note that every propagator gives the pole of the first order in fc||, and only for the 
component A+x (let us also note that A_y = 0 and that here and further we discard color 
indices). In the paper [12] the analysis was carried out of the possibility of the appearance 
of the longitudinal IR divergency for the (3-|-l)-dimensionaI QCD with the analogous regu¬ 
larization, when the gluon propagator has the same properties. Repeating this analysis for 
the now considered model it is possible to hnd that the above mentioned divergence can 
be only logarithmic, and it can appear only for diagrams of the type shown in Fig. |2](c), 
and only for contributions of the form 


= n^A^yGu^A^snl, (14) 

where G^^ is one of marked in Fig.[2](c) subdiagrams with two external lines (not necessarily 
1-particle irreducible in general). 

Let us analyse the contribution of the expression fll4p which gives the longitudinal IR 
divergence. First we write down the contribution of the pole in k\\ for one of the quantities 
entering into fll^ keeping only essential terms in which the cancelation of the pole 
does not take place, and also discarding nonessential total factor: 


n, 


X ^2 


{k^n^ Uf^k^ 




,) 2 kp 


Ur- 


U 2 

fill 


-G 


1/7 




2kfjn*fj 

P 

A/|l 


{K 


■ 771 77 


(15) 


Let us note that the vector has only transversal component. At the analysis of 

IR divergency we can suppose that fc_L 7^ 0 (the integration over all momenta at = 0 
and k\\ = 0 does not lead to IR divergency while we have logarithmic IR divergency in k\i). 
Then the mentioned above constant vector can be written in the form 


. k„ - knS, 






kiS, 




ki 


(16) 


After that the essential part flT^ can be written, again discarding the terms in which the 
cancelation of the pole takes place, in the form 


2k0n*p 

P 

/C|| 



k^G 


1^7 • 


(17) 


If gauge invariance was conserved this expression would be equal to zero as a conse¬ 
quence of the Ward identities, and hence the essential longitudinal divergences would be 
absent in this case. Exactly the same result was obtained in [12] for (3-|-l)-dimensional 
QCD. Thus the result does not change when we take into account the influence of the CS 
term. However the used regularization violates gauge invariance, regularizing the emerging 
divergence by the parameter /i. To avoid the divergence in the limit /i ^ 0 it is neces¬ 
sary that simultaneously with taking this limit the UV regularization be removed (i.e. all 
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limits be taken simultaneously ([9])) and renormalizing counterterms be chosen so that in 
the regularization removing limit Ward identities be satished (the idea of that mechanism 
was supposed in [I2]). With the choice of counterterms in such a way that the values of 
diagrams differ from renormalized results, obtained via dimensional regularization, by the 
amount of the order ^ (for UV hnite diagrams this is automatically true if the product 
hMq is bounded from above) the contribution of the quantity (ITTD i can be estimated as 

O • Therefore the corresponding to it total contribution to the diagram (which is 

equal to zero in dimensional regularization) can be estimated as (where N is the 

number of subdiagrams G in Fig. [2](c)). Let us require that this relation tends to zero for 
any N. Then diagrams for which the longitudinal divergency can appear will not give, in 
the regularization removing limit, differences between results of calculations in the scheme 
used here and those in the dimensional regularization scheme. 

So one can conclude that if one takes, for example, 

/i ~ —, Mq ~ A, Ml ~ A^, (18) 

all required conditions (including the conditions ([9])) are satished in the limit A ^ oo, and 
one can take p = 0 in diagrams for the analysis of the UV divergences. 

6 Renormalization of the theory 

In the considered theory we have to renormalize only hnite number of diagrams shown 
in Fig. [U We can calculate their values in the used regularization and therefore hnd 
explicitly the coefficients of the counterterms. This provides the coincidence of the values 
for these diagrams with the results of their renormalization obtained in the dimensional 
regularization. In the result, inspite of the violation of Lorentz and gauge symmetries in 
the used regularization, these symmetries are restored for the renormalized theory in the 
regularization removing limit A ^ cxo. Further we choose the counterterms of our theory so 
that the renormalized diagrams in our regularization coincide with renormalized diagrams 
in dimensional regularization. 

Let us consider the diagram shown in Fig. [I](a). After the regularization for that 
diagram we consider its Taylor decomposition in the external momentum in the vicinity 
of the point = 0. Using dimensional analysis of its UV divergent parts one can hnd that 
for the linearly divergent diagram it is sufficient to renormalize only the hrst two terms in 
this decomposition, and only the hrst term for the logarithmically divergent diagrams. In 
the used regularization this diagram contains integrals that equal zero when the external 
upper indices are ++, +T and T+. One of two reasons can explain this. The hrst one 
is the odd parity of integrand with respect to the one of momentum components. The 
second reason is a possibility to express the integrand as the diherence of two parts that 
cancel each other due to the symmetry under the interchange of longitudinal components 
of the integration momentum. Note that we don’t consider amputated diagrams with the 
upper index —, because in the A_ = 0 gauge they don’t contribute to corresponding Green 
functions due to contractions with propagators. For the indices TT we have the Euclidean 
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form of the integral (for = 0) 

/ oo rco poo _ 1.2 _ l.2\ 

dk^ dko dki ^ f J 

-OO j —OO J —oo ) 

R{ko,kuMo,M,) = - -(19) 

[kf + M^j (kl + M^j 


In this integral we set p = 0, because it is IR-£nite. Using cylindrical coordinates {p, 
P = + f^±) one can perform the integration over the angle variable that gives the 

factor 271: 
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{kl-p)R{p,Mo,M,) 
{p + k‘]_ + m?Y 



P 

(p + m?) 


R{p, Mq, Ml) — 

^ Rip,Mo,Mi) 

2 Jo ^ (p + m2)i 


( 20 ) 


Now we can remove the regularization (Mq^i —)■ oo and correspondingly R ^ 1) and 
compute the integral 

dp Ti'^ni^ dp 2 /oi ^ 

+ m^)2 / j^2 p2 

Thus one can see that the linear divergence, in fact, is absent. We get the same answer 
using dimensional regularization. We have computed the second term in the Taylor series 
with an analytical computer program and found that this term equals zero for all concerned 
external indices (++, +T, T+ and TT) of the diagram. This means that the diagram in 
Fig. [IKa) needs no renormalization. Analogously, using an analytical computer program 
we found that the UV divergent part of the diagram shown in Fig. [T](d) equals zero in both 
regularizations and for all concerned external indices (+++, ++T, ...). We have not 
found an analytical answer for the divergent in the limit Mo,i oo parts of the remaining 
two diagrams. However, these divergent parts can be calculated numerically and this is 
sufficient for possible non-perturbative computations involving the LF Hamiltonian. 

In that way we have demonstrated the possibility to exactly find the counterterms that 
are needed for renormalization. Thus now we can construct the renormalized Hamiltonian 
[H[T2] and use it for non-perturbative computations. 
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